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1. INTRODUCTION 
In elementary physics it is customary to use the Euclidean space for the 
description of space and the real numbers for the description of time. In 
more refined theories, for phenomena on atomic scale as well as for cosmo- 
logical problems, other models of space and time are used. We recall special 
relativity in which a four-dimensional linear space over the real numbers is 
used and the Minkowski-Lorentz metric in introduced. The theory of 
general relativity deals with a four-dimensional linear space with a Riemannian 
metric. 
But the models of space and time of this type seem still to be not adequate 
to deal with certain microscopical and cosmological phenomena. 
Several suggestions for other models for space and time have been made. 
We only recall the model of finite projective geometry for space with a 
discrete time [l], [7]. This suggestion gave rise for several calculations on 
physical problems. Another suggestion was made by Robinson, who pro- 
posed to use nonstandard models of the real numbers as ground field [13], 
A theory of space in which the real numbers were replaced byp-adic numbers 
was suggested by Everett and Ulam [5]. One of the authors discussed several 
possibilities for non-Archimedean metric spaces [8]. 
A first question is whether one needs a linear space defined over a 
field, either for the whole space or as a local approximation, or whether 
one can take a metric space, that is a set in which a distance is defined. One 
could even use a topological space, in which the topology defines open sets, 
continuity and so on, but in which these notions are not necessarily derived 
from a distance. For the moment we shall only deal with metric spaces 
(compare [4]). 
It seems to be worthwhile to study together with the metric the set of 
* One of the editors informed the second author that it would be worthwhile to 
publish the ideas, developed in this article as an after-thought to a paper of Everett 
and Ulam. 
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isometries in the space. If  one likes to have a large set of “motions of rigid 
bodies” one must restrict the metric in such a way that there are enough 
isometries. 
2. NUMBERFIELDS TO BE USED IN PHYSICS 
A mathematization of a physical theory deals with a map of physical 
entities in a set of mathematical symbols. It depends on the nature of the 
physical phenomena which kind of structure in the mathematical theory is 
needed. If  we consider mass as an example, we have in the physical situation 
union of masses and subdivision of masses up to a certain limit, and thus 
we need in the mathematical system addition and subtraction and division 
in a restricted sense. There are many mathematical models introduced for 
time, in all these we have the mathematical notion of order. 
Taking a field there is enough mathematical structure for addition, sub- 
traction, multiplication, and division. In many cases it would be worth- 
while to consider other mathematical systems, such as division groups, rings 
and so on. We restrict ourselves to fields, however. 
Apart from the arithmetical structure of the field, one uses in physics the 
relation of order, of an absolute value and many times both of them. In the 
case of real numbers there is an order and an absolute value derived from the 
order. In the case of complex numbers one has only the notion of absolute 
value. The absolute value is in both cases a map of the field in the real field. 
There are for general fields also valuations of higher rank, that are maps of the 
field in non-Archimedean ordered groups. In order to simplify the situation 
we shall restrict ourselves to the case of valuations of rank one, that is to say 
with real values. 
That even without order and valuation some models can be constructed 
proves the theory of finite models for physics. In the case of a finite field there 
cannot be defined an order and the valuation must be trivial. Then one can 
introduce a local order. In these fields we define natural numbers as finite 
sums of the unit element 1. If  a number N is given, one can always construct 
a finite field in which the natural numbers 1, 2,... N are squares and none of 
the numbers - 1, - 2,..., - N is a square. One gets a local order by defining 
the squares to be positive elements of the field. 
Considering ordered fields, two possibilities must be distinguished. Either 
the ordering is archimedean; that is to say, for every pair of positive elements 
a and b there exists a natural number n such that na > b. Or the ordering 
is non-Archimedean; in that case there exist numbers a such that for all 
natural numbers n we have na < 1. These numbers are called infinitesimals. 
In the first case we know that an Archimedean ordered field is a subfield of 
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the field of real numbers. The nonstandard models of real numbers are an 
example for non-Archimedean ordered fields. (The field of rational functions 
can also be ordered in a non-Archimedean way.) Fields, other than the real 
numbers, in which an order and a valuation are defined, with a certain 
relation to one another were studied by the second author [9]. 
In the following we restrict ourselves to valuated fields for which a map 
on the real numbers is given such that / a 1 3 0 and 1 a / = 0 if and only if 
a = 0. 
These valuations can be divided into two types, namely archimedean 
valuations, in which for all natural numbers n we have I n 1 > 1, and non- 
Archimedean in which always I n 1 < 1. In the second case the triangle 
inequality 1 a + b / < I a / + 1 b 1 can be sharpened to the strong triangle 
inequality i a + b / < max(i a / , / b I). F rom this it can easily be deduced 
that / b I < 1 a 1 implies 1 a + b / = / a 1 . It is well-known that a field with 
an archimedean valuation is always a subfield of the field of complex numbers. 
So we restrict ourselves in this paper to fields with a non-Archimedean 
valuation in order to obtain non-classical models. Then once more several 
types must be destinguished. 
If the field has a characteristic unequal to zero, that is to say, there is a sum 
of elements 1 equal to zero, the field contains a finite field, the number of 
elements of which are a certain prime number p. If the characteristic is equal 
to zero, the field is an extension of the rational field and the valuation restricted 
to the rational field is either trivial; that is to say, that for all rational numbers t 
we have that t f 0 implies I t 1 = 1, or the valuation is a p-adic one, which 
is to say there is a prime number p such that for all primes q f  p we have 
I q / = 1 and further I p 1 < 1. There are possibilities for valuations with a 
discrete value group as well with a dense value group. 
3. ANALYSIS IN VALUATED FIELDS 
Thinking about the classical methods in physics one may ask for an 
analytical apparatus in the field of numbers used in the model of space and 
time. Of course it is not a priori clear whether one has to deal with differential 
equations, difference equations, or integral equations for the description of 
physical phenomena. Many physical notions can in the classical case be 
described with differential equations as well as with integral equations. 
We remark that in the case of a non-Archimedean valuation, the field is 
totally disconnected; in the theory of differentiation this implies that there 
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are a lot of nonconstant functions, the derivative of which vanishes every- 
where. Either one has to restrict the functions to a class of “analytic” func- 
tions (powerseries) or one has to deal with rather complicated analytical 
situations. Integral calculus seems a far better method in the non-Archime- 
dean analysis. Quite apart from physical applications many topics from classi- 
cal analysis are brought over to the non-Archimedean case. One may hope 
that the study of similarities and differences between Archimedean and non- 
Archimedean analysis can give an impression of possible applications. We 
mention only a few examples: 
3.1. We consider functions defined on a set X with values in a non- 
Archimedean valuated field K, which we suppose to be complete in order to 
avoid nonessential difficulties with convergent sequences. We introduce a 
topology in the set X; suppose X to be locally compact Hausdorff. The algebra 
of continuous functions on X with values in K will separate points in X if 
and only if X has topological dimension zero. The algebra of continuous 
functions was studied by &I. van der Put [12]. In the same paper there is the 
remarkable result that for differential equations in this analysis the above- 
mentioned functions from which the derivative vanishes everywhere take the 
place of the constants in real analysis. 
3.2. The theory of normed linear spaces (of infinite dimension) with a 
non-Archimedean norm has been developed by several authros. There are 
many similarities between this theory and the well-known theory of infinite 
dimensional normed spaces over the real numbers [IO]. 
In recent papers, starting from notes on rigid analytic spaces by J. Tate, 
the theory of analytic functions in the non-Archimedean case, using algebraic 
methods, is studied thoroughly [6]. 
3.3. Integrals of continuous functions on X with values in K can be 
introduced as measures, that are linear functions p on the linear space of 
continuous functions, topologized by the uniform norm, such that for every 
compact set A C X, there exists a non-negative constant MA such that 
IAf)l ~M~Ilfll~ f or all functions which vanish outside of A. One can 
then construct an extension of the integral to some sets of noncontinuous 
functions by adapting the norm. In this way the space L1 of integrable 
functions is defined. There are analogies to Lebesgues theorem of bounded 
convergence, and to Fubini’s theorem [ll]. 
4. FINITE DIMENSIONAL LINEAR SPACES 
Given a field K, with a valuation, one can construct a finite dimensional 
vector space over K, For space models one usually takes a three-dimensional 
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space, for space-time models a four-dimensional vector space. Now we want 
to introduce a distance in space. This can be done in many ways, but it seems 
reasonable to ask first for a translation invariant distance. Such a distance can, 
e.g., be constructed from a norm, that is a map of the linear space in the 
real numbers such that 11 a jl > 0 and 11 n jj = 0 if and only if a = 0 
/I~4l=I~l-ll~ll if XEK 
II a + b II G II a II + II b II 
or 
II a + b II d max(II a It , II b II) (non-Archimedean norm). 
One can prove that in a finite dimensional vector space all norms induce 
the same topology, that is to say the same collection of open sets, the same 
notion of continuity and so on. But since it seems reasonable that distance 
itself plays a role in physics, we must distinguish several definitions of norm 
(and distance). 
If the field of scalars is a subfield of the real field the euclidean norm 
II x /) = (xi2 + x22 + xa2)lj2, where x = (xr , x2 , x3), is useful. Then we 
have the orthogonal group as the group of isometries, which have one point 
fixed. One could also take max(l x1 1 , / x2 I , I x3 I) or 1 X, 1 + 1 x2 1 + 1 x, 1 
as a norm but the “orthogonal” group is rather small in these cases. 
If we take the rational numbers as scalar field, Euclidean distances are not 
always rational, so it may be necessary to take the real-quadratic closure of 
the rationals as scalars. 
In the case of fields with a non-Archimedean valuation, we can define norms 
in several ways, too. Perhaps the definition II a /I = max(I a, / , 1 u2 1 , 1 a, I) is 
is the most simple one. With this definition we have 
II a + b II < ma41 a II , II b II), 
and furthermore Ij a + b // = j/ a /I if 11 b I/ < // a I/. In terms of geometry this 
means that all triangles are isosceles, with, e.g., d(A, B) = d(A, C) > d(B, C). 
If we take a sphere {x I d(m, X) < I}, the set of all points such that the distance 
to the center m is less or equal to Y, we must remark that all points of the 
sphere can be taken as the center of the sphere. 
5. METRIC SPACES 
In the preceding paragraph we studied linear spaces over a field with a 
valuation, and distance functions in these spaces, derived from norms. One 
could wonder whether a metric space, without linear structure could not be a 
better model for physical space. 
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Then first of all one has to deal with the notion of dimension. It seems that 
topological dimension is not a good model for physical dimension, since all 
finite dimensional linear spaces over the rational numbers or over a p-adic 
field have topological dimension zero. 
In classical distance geometry one can define straight lines using the metric, 
and it seems to be possible to introduce along these lines a notion of “three- 
dimensional” space [2], [3]. I f  the distances satisfy the strong triangle 
inequality d(A, B) < max(d(A, C), d(C, B)), the definition of dimension 
seems to be much more difficult. 
For a space model one certainly needs a model which behaves for distances 
that are not too small just as the ordinary (Euclidean) distance geometry. 
For small distances there can be irregularities, however. It could be possible 
to have a space with local deviations from an all-over metric. As an example 
we recall the optical distance of two points, the shortest path of a light ray 
in the medium. 
Certainly the remark that physical phenomena have to be described with a 
metric space is too vague. In order to show this we give a very general, but 
rather artificial, example. We start remarking that we always can replace 
a given distance function by a bounded one, introducing 
4% B) 
d*(A, B, = 1 + d(A, B); 
d and d* are topologically equivalent. 
We now give an example of a quite arbitrary metric space. Let IV denote 
a metric space in which all distances are either zero or greater than 2. Let 
for all 01 E W, I’, be a metric space in which all distances are less than or equal 
to 1. We consider the space Uaew I’, with the metric 
d(x, y) = d&, y) if x, Y E V, and d, is the distance in V, , 
d(x, y) = d(a, /3) if xEI/,,YEVp,~fP 
and 
d is the distance in W. 
Now one can arbitrarily choose the local metric (the metric in V,) to be 
either Archimedean or non-Archimedean and the same for the global metric 
(the metric in W). 
The examples of metrics described in [8], which are locally non-Archi- 
medean but which have globally a different behavior, are special cases of this 
general method of metrizing. 
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6. PHYSICAL QUANTITIES 
Up until now we have restricted ourselves to space models. For time one 
can give analogous considerations. It seems to be reasonable to take an 
ordered semi-group (or even an ordered divisible group) as a model for time. 
One could take either a continuous model (such as the real numbers) or a 
discrete model. In order to describe a motion (of a point along a path) one 
needs a map from the time into the space. 
In order to introduce (mean) velocity and acceleration there must be a 
connection between the space and time models. Indeed, it must be possible 
to define a division of a distance or of a deplacement by a time-number. 
Starting from space it seems that forces are to belong to a dual space; 
the couple of a force and a deplacement has to be a scalar. In classical mecha- 
nics, Newton’s law introduces mass as a “ratio” between force and accelera- 
tion; in the general case mass seems to be a tensor connecting the space with 
its dual one. 
But it seems also to be possible to start in physics not with and space and 
time but with the notions of momentum and energy. (Compare [16].) 
By using the theory of integration in the case of non-Archimedean analysis, 
it seems to be possible to define potentials and energies. 
Suppose K is locally compact. Consider the product space F = Kn, 
normed by 11 x /) = max{l x1 / , 1 xa / ,... / x, I}. Let X be a compact set in F, 
one may take for instance the “boundary” {x 1 /I x /I = l} of the unit sphere 
{x / /I x I/ < 11. Let p be a measure on X; X being compact, p is bounded. Let 
G be a function F x F + K. Suppose G is p-integrable with respect to x for 
ally E F, then 
F(Y) = 1, G(x, Y) 44~) 
is a generalized potential with kernel G. The potential is defined for all 
y EF. 
As an example one can take a function G, which is a continuous function of 
x for all y EF - X. In the example above we remark that {x 1 // x 11 = l} 
is open and closed. The definition of product integrals opens the possibility 
of defining energy in this way. For let X and p be measures on X. 
Let v = X @ p be the product measure on X x X. Then, under suitable 
conditions on the kernel G, the mutual energy of X and y might be defined by 
E = Gdv. 
i xxx 
REMARKS. 1. Note that in the classical definition Jr-i dp of a potential, 
Y must not be considered as a distance, but as a solution of du = 0 with a 
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prescribed singularity. Thus it is reasonable in our case to substitute r-l by a 
function with values in K. There is an extensive literature on such potentials 
in the case for the reals as groundfield. 
2. The definition of Haar-measure presents some difficulties in the non- 
Archimedean case. However, potentials need not to be defined in terms of 
Haar-measures; we refer to a recent study on non-Archimedean harmonic 
analysis [14]. 
3. The energy E is to be taken as an element of K; thus / E j E R and in 
the case of a discrete valuation the values of the energy are discrete. 
4. It may be worthwhile to study the mathematical properties of these 
potentials and energies, with respect to continuity and possible singularities 
of the kernel. 
5. We remarked already that in more advanced classical physics models 
of momentum and energy are also found in hermitian operators in Hilbert 
space. The p-adic analogon should ask for functional analysis in normed 
spaces of infinite dimension over the p-adic numbers [ 1.51. 
7. FINAL REMARKS 
In conclusion we must confess that we are not able to give many con- 
structive suggestions for the model-problem in microphysics. There seem 
to be many mathematical models that can replace Euclidean geometry as a 
space model for micro phenomena. But it is necessary to put in a lot of 
physical knowledge in order to do a reasonable choice out of the possibilities. 
From a metaphysical point of view it seems worthwhile to remark that in 
suggestions for replacing the real numbers by an other field, one of the major 
decisions which must be taken is whether one wants to deal with an ordered 
field, a field with a valuation, or a field in which there is an ordering as well 
as a valuation. 
We remarked that in the case of a field with a valuation this field can be a 
subfield of the reals or a transcendental extension of the rationals such that 
the valuation on the rationals is trivial. In all other cases there is an exceptional 
prime, either the characteristic or the prime p with which the p-adic valuation 
on the rational subfield is defined. What can we expect of such an exceptional 
prime ? From metaphysical point of view such a prime must be either rather 
small (some small numbers seem to have physical meaning) or very big (e.g., 
of the order of the number of elementary particles in the cosmos). But we do 
not want to go in details in these metaphysical reflections on dimensionless 
physical constants. But from this point of view it does not look very likely 
that. linear spaces over p-adic fields are a good model for physical space. 
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As a final remark one could suggest that the ultraproduct of all p-adic 
fields could be a better field, since there is no exceptional prime in this case. 
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